In this paper, we perform a further investigation for the Frobenius-Euler polynomials. Some new formulae of products of the Frobenius-Euler polynomials are established by applying the generating function methods and some summation transform techniques. It turns out that some corresponding known results are obtained as special cases. MSC: 11B68; 05A19
Introduction
Let λ be a complex number with λ = . 
when λ = , μ = , λμ = , and if λ = , then for positive integer m and non-negative integer n, 
Further, Carlitz [] showed that the case λ = - in (.) and (.) can be used to give the expression of B m (x)E n (x) and E m (x)E n (x) stated in [], respectively. Motivated by the work of Carlitz [] , in the present paper we establish some new formulae of products of the Frobenius-Euler polynomials by applying the generating function methods and some summation transform techniques. It turns out that some known results including (.), (.) and (.) are obtained as special cases.
Restatement of the main results
In this section, we shall establish three new formulae of products of the Frobenius-Euler polynomials to extend formulae (.), (.) and (.) by making use of the generating function methods. As further applications, we also give some new sum relations of products of the Frobenius-Euler polynomials by applying some summation transform techniques, which are analogous to some sum relations of products of the classical Euler polynomials and Frobenius-Euler polynomials stated in [, ]. For convenience, in the following we shall denote by H n the harmonic number of order n given by
We now state our main results as follows.
Theorem . Let m, n be non-negative integers. Then, for
If we multiply (λ -)(μ -)e xu+yv on both sides of (.), then
Note that from (.) we have
More generally, the Taylor theorem gives
By applying (.) and (.) to (.), we obtain
It follows from (.) and the Cauchy product that
Comparing the coefficients of u m v n /m! · n! in (.) gives
Substituting λ for /λ and μ for /μ in (.), we get 
so by applying (.) to (.), the desired result follows immediately.
It follows that we show some special cases of Theorem .. By setting x = y in Theorem ., we rediscover formula (.). Setting λ = μ and x = y in Theorem ., for nonnegative integers m, n and λ = ±, we have
Clearly, H  (x|λ) =  (see, e.g., []). Hence, by setting n =  in (.), we obtain that for non-negative integer n,
Setting x = y and μ = /λ  in Theorem ., we get that for non-negative integers m, n and
In particular, the case n =  in (.) gives that for non-negative integer n, 
Proof By setting λ =  and substituting λ for μ in (.), we have
Multiplying (λ -)ue xu+yv on both sides of (.) leads to
Hence, by applying (.), (.) and (.) to (.), we obtain
which together with the Cauchy product yields
Since B  (x) =  (see, e.g., [] ), so by substituting λ for /λ and comparing the coefficients of u m+ v n /(m + )! · n! in (.) we get
Thus, by applying the difference equation of the classical Bernoulli polynomials B n (x + ) -B n (x) = nx n- for non-negative integer n (see, e.g., [] ) to (.), the desired result follows immediately.
It is obvious that the case x = y in Theorem . gives formula (.).
Theorem . Let m, n be non-negative integers. Then, for λ = , ,
Proof By substituting /λ for μ in (.), we discover
Notice that from (.) and the Taylor theorem we have
On the other hand, if we apply
Since the Frobenius-Euler polynomials satisfy the symmetric distribution H n ( -x|
n H n (x|λ) for non-negative integer n (see, e.g., [] ), so by (.) we can rewrite (.) as It becomes obvious that setting x = y and then substituting m for n and n for m in Theorem . gives formula (.). http://www.journalofinequalitiesandapplications.com/content/2014/1/261
